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Introduction

Constant Dimension Code (CDC) is employed to correct errors
and/or erasures over the operator channel.

F𝑞: finite field with q elements (q is a prime power).

𝑊 : 𝑛-dimensional vector space over F𝑞.

𝒫(𝑊 ): the set of all subspaces of 𝑊 .

For any 𝐴,𝐵 ∈ 𝒫(𝑊 ), the dimension distance [3] between 𝐴
and 𝐵:

𝑑(𝐴,𝐵) == dim(𝐴) + dim(𝐵)− 2 dim(𝐴 ∩𝐵). (1)

𝑞-ary (𝑛,𝑀,𝐷) or (𝑛,𝑀,𝐷)𝑞 code 𝒞: subset of P(W) with
size M and minimum dimension distance 𝐷 which is defined by

𝐷 = 𝐷(𝒞) = min
𝑋 ̸=𝑌 ∈𝒞

𝑑(𝑋,𝑌 ) (2)
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Constraint Dimension Code

𝒫(𝑊, 𝑙): the set of all 𝑙 dimensional of 𝑊 .

Gaussian binomial coefficient:[︁ 𝑛
𝑚

]︁
,

[︁ 𝑛
𝑚

]︁
𝑞
=

𝑚−1∏︁
𝑖=0

𝑞𝑛−𝑖 − 1

𝑞𝑚−𝑖 − 1
. (3)

|𝒫(𝑊, 𝑙)| =
[︁ 𝑛
𝑚

]︁
; (4)

A 𝑞-ary (𝑛,𝑀, 2𝛿, 𝑙) or (𝑛,𝑀, 2𝛿, 𝑙)𝑞 constant dimension code
is simply a subset of 𝒫(𝑊, 𝑙) with size 𝑀 and minimum
dimension distance 2𝛿.
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Maximum Number of Codewords

Proposition

Compact Johnson Bound

𝐴𝑞[𝑛, 2𝛿, 𝑙] ≤

[︁
𝑛

𝑙−𝛿+1

]︁
[︁

𝑙
𝑙−𝛿+1

]︁ . (5)

Proposition

Johnson Bound

𝐴[𝑛, 2𝛿, 𝑙] ≤
⌊︂
𝑞𝑛 − 1

𝑞𝑙 − 1

⌊︂
𝑞𝑛−1 − 1

𝑞𝑙−1 − 1

⌊︂
· · ·

⌊︂
𝑞𝑛−𝑙+𝛿 − 1

𝑞𝛿 − 1

⌋︂
· · ·

⌋︂⌋︂⌋︂
.
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Our work

Linear programming (LP) bounds of 𝐴[𝑛, 2𝛿, 𝑙] are given and then
it is shown that the Compact Johnson Bound is a special case of
the proposed LP bounds.
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Gaussian binomial coefficients

[︁𝑥
𝑙

]︁
𝑏

=

{︃
1 𝑙 = 0∏︀𝑙−1

𝑖=0
𝑏𝑥−𝑖−1
𝑏𝑙−𝑖−1

, 𝑙 = 1, 2, . . .
(6)

Properties

lim
𝑏→1

[︁𝑥
𝑙

]︁
𝑏

=

(︂
𝑥

𝑙

)︂
, (7)[︁𝑛

𝑙

]︁
𝑏

=

[︂
𝑛

𝑛− 𝑙

]︂
𝑏

, (8)[︁𝑛
𝑙

]︁
𝑏

[︂
𝑙

𝑟

]︂
𝑏

=
[︁𝑛
𝑟

]︁
𝑏

[︂
𝑛− 𝑟

𝑙 − 𝑟

]︂
𝑏

. (9)
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Gaussian binomial coefficients

Cauchy Binomial Theorem

𝑚∏︁
𝑖=1

(1 + 𝑞𝑖𝑥) =

𝑚∑︁
𝑖=0

[︁𝑚
𝑖

]︁
𝑞𝑖(𝑖+1)/2𝑥𝑖.

Let 𝑥 = −1/𝑞, we have that

𝑚∑︁
𝑖=0

[︁𝑚
𝑖

]︁
𝑞𝑖(𝑖−1)/2(−1)𝑖 = 𝛿𝑚,0, (10)

where

𝛿𝑚,𝑛 =

{︃
1 if 𝑚 = 𝑛,

0 otherwise.
(11)
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Grassmannian/𝑞-Johnson scheme

The Grassmannian or 𝑞-Johnson scheme is an association scheme
where 𝒫(𝑊, 𝑙) is the set of points.

valency:

𝑣𝑖 = 𝑞𝑖
2

[︂
𝑙

𝑖

]︂[︂
𝑛− 𝑙

𝑖

]︂
(12)

multiplicity:

𝜇̃𝑗 =

(︂
𝑛

𝑗

)︂
−
(︂

𝑛

𝑗 − 1

)︂
, (13)

Zong-Ying Zhang Yong Jiang Shu-Tao Xia LP Bounds of CDCs

ww
w.
le
ad
er
st
ud
io
.n
et



Introduction Preliminaries Main Results References

Grassmannian/𝑞-Johnson scheme

the first eigenvalue:

𝐸𝑖(𝑗) =

𝑖∑︁
𝑚=0

(−1)𝑖−𝑚𝑞(
𝑖−𝑚
2 )+𝑗𝑚

[︂
𝑙 −𝑚

𝑙 − 𝑖

]︂ [︂
𝑙 − 𝑗

𝑚

]︂ [︂
𝑛− 𝑙 − 𝑗 +𝑚

𝑚

]︂
.

(14)

the second eigenvalue:

𝑄𝑗(𝑖) =
𝜇𝑗

𝑣𝑖
𝐸𝑖(𝑗). (15)

Orthogonality:

𝑙∑︁
𝑘=0

𝑄𝑘(𝑖)𝐸𝑗(𝑘) =
[︁𝑛
𝑙

]︁
𝛿𝑖,𝑗 , (16)

𝑙∑︁
𝑘=0

𝐸𝑘(𝑖)𝑄𝑗(𝑘) =
[︁𝑛
𝑙

]︁
𝛿𝑖,𝑗 . (17)
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Distance Distribution of CDC

Let 𝒞 ⊂ 𝒫(𝑊, 𝑙) be an (𝑛,𝑀, 2𝛿, 𝑙)𝑞 constant dimension code.

The distance distribution of 𝒞 is defined by

𝐴𝑖 =
1

𝑀
|{(𝑋,𝑌 ) : 𝑋,𝑌 ∈ 𝐶, 𝑑(𝑋,𝑌 ) = 2𝑖}|, 𝑖 = 0, 1, . . . , 𝑙.

(18)
Clearly,

𝐴0 = 1, 𝐴𝑖 ≥ 0, 1 +

𝑙∑︁
𝑖=𝛿

𝐴𝑖 = 𝑀. (19)

Since 𝒫(𝑊, 𝑙) forms an association scheme, it is from
Delsarte’s theory that

𝑙∑︁
𝑖=0

𝑄𝑗(𝑖)𝐴𝑖 ≥ 0, 𝑗 = 1, 2, . . . , 𝑙, (20)

or ∑︁
𝑖=𝛿

𝑙𝑄𝑗(𝑖)𝐴𝑖 ≥ −𝜇𝑗 , 𝑗 = 1, 2, . . . , 𝑙, (21)
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LP Bounds of CDC

Similar to LP Bounds in binary constant weight codes, we have the
following LP problem:

LP-I

Choose the real variables 𝑥𝛿, 𝑥𝛿 + 1, . . . , 𝑥𝑙 so as to

𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒 1 +

𝑙∑︁
𝑖=𝛿

𝑥𝑖 (22)

subject to the inequalities

𝑥𝑖 ≥ 0, 𝑖 = 𝛿, 𝛿 + 1, . . . , 𝑙,

𝑙∑︁
𝑖=𝛿

𝑄𝑗(𝑖)𝑥𝑖 ≥ −𝜇𝑗 , 𝑗 = 1, 2, . . . , 𝑙.
(23)

the optional solution of (LP-I) has to be an upper bound of M.
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LP Bounds of CDC

The dual problem of (LP-I) is given as follows:

LP-II

Choose the real variables 𝑦1, 𝑦2, . . . , 𝑦𝑙 so as to

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 1 +

𝑙∑︁
𝑗=1

𝑦𝑗𝜇𝑗 (24)

subject to the inequalities

𝑦𝑗 ≥ 0, 𝑗 = 1, 2, . . . , 𝑙,

𝑙∑︁
𝑗=1

𝑦𝑗𝑄𝑗(𝑖) ≤ −1, 𝑖 = 𝛿, 𝛿 + 1, . . . , 𝑙.
(25)
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LP Bounds of CDC

The duality theory

Proposition

Let

𝑌 (𝑥) =

𝑙∑︁
𝑘=0

𝑦𝑘𝑄𝑘(𝑥) (26)

such that

𝑦0 = 1,𝑦𝑘 ≥ 0, 𝑘 = 1, 2, . . . , 𝑙, 𝑌 (𝑖) ≤ 0, 𝑖 = 𝛿, 𝛿 + 1, . . . , 𝑙.
(27)

then
𝐴𝑞[𝑛, 2𝛿, 𝑙] ≤ 𝑌 (0). (28)

Polynomial 𝑌 (𝑥) is said to be feasible if conditions above are
satisfied, any feasible polynomial 𝑌 (𝑥) leads to an upper bound of
𝐴𝑞[𝑛, 2𝛿, 𝑙].
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Compact Johnson Bounds and LP Bounds

Remark

By (16) and (17), it’s easy to see from (26) that

𝑦𝑘 =
1[︀
𝑛
𝑙

]︀ 𝑙∑︁
𝑖=0

𝑌 (𝑖)𝐸𝑖(𝑘), 𝑘 = 0, 1, . . . , 𝑙, (29)

Lemma

Suppose 0 ≤ 𝑘, 𝑣 ≤ 𝑙. Then

𝑣∑︁
𝑖=0

[︂
𝑙 − 𝑖

𝑙 − 𝑣

]︂
𝐸𝑖(𝑘) = 𝑞𝑘𝑣

[︂
𝑙 − 𝑘

𝑣

]︂[︂
𝑛− 𝑙 − 𝑘 + 𝑣

𝑣

]︂
. (30)
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Compact Johnson Bounds and LP Bounds

Set

𝑌 *(𝑥) =

[︀
𝑛
𝑙

]︀ [︀
𝑙−𝑥

𝑙−𝛿+1

]︀[︁
𝑛−𝑙+𝛿−1

𝛿−1

]︁ [︀
𝑙

𝑙−𝛿+1

]︀ , (31)

with Remark and Lemma above, it’s easy to check

𝑦*𝑘 =
1[︀
𝑛
𝑙

]︀ 𝑙∑︁
𝑖=0

𝑌 *(𝑖)𝐸𝑖(𝑘)

=
1[︀

𝑛−𝑙+𝛿−1
𝛿−1

]︀[︀
𝑙

𝑙−𝛿+1

]︀ 𝑛∑︁
𝑖=0

[︂
𝑙 − 𝑖

𝑙 − 𝛿 + 1

]︂
𝐸𝑖(𝑘)

=
𝑞𝑘(𝛿−1)

[︀
𝑙−𝑘
𝛿−1

]︀[︀
𝑛−𝑙−𝑘+𝛿−1

𝛿−1

]︀[︀
𝑛−𝑙+𝛿−1

𝛿−1

]︀[︀
𝑙

𝛿−1

]︀ ,

Zong-Ying Zhang Yong Jiang Shu-Tao Xia LP Bounds of CDCs

ww
w.
le
ad
er
st
ud
io
.n
et



Introduction Preliminaries Main Results References

Compact Johnson Bounds and LP Bounds

so, 𝑦*0 = 1 and 𝑦*𝑘 ≥ 0, and also

𝑌 *(𝑖) = 0, 𝑖 = 𝛿, 𝛿 + 1, . . . , 𝑙, (32)

which means 𝑌 *(𝑥) is feasible, then we have

𝐴(𝑛, 2𝛿 + 1, 𝑙) ≤ 𝑌 (0) =

[︀
𝑛
𝑙

]︀[︀
𝑛−𝑙+𝛿−1

𝛿−1

]︀ =

[︀
𝑛

𝑙−𝛿+1

]︀[︀
𝑙

𝑙−𝛿+1

]︀ . (33)

which coincides with the result of compact Johnson bounds.
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Concluding remarks

LP bounds and Proposition 3 of 𝐴𝑞[𝑛, 2𝛿, 𝑙] for constant
dimension codes

The compact Johnson bound in Proposition 1 corresponds a
feasible polynomial in Proposition 3. Hence, the LP bound is
at least as strong as the bound in Proposition 1.

Future works may focus on finding more feasible polynomials,
obtaining asymptotic LP bounds, or adding more restrictive
inequalities to the LP problem (LP-I) for improving the LP
bound.
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The End!

Thanks.
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