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Overview

Interpolation

e Interpolation: construct new data points within the ranfja o
discrete set of known data points

e Curve fitting: find a function that produce the data points
e Polynomial interpolation: sufficient for functions overife
fields



Overview

Interpolation in Classic Coding
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Overview

Interpolation in Network Coding Error Control
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Overview

Interpolation over Free Modules

e Extension of Kotter interpolation by Wang—McEliece—Wsithe
[WMWO05]

e Propose an interpolation algorithm for interpolation divee
modules of polynomial rings

e Special cases of interpolation algorithm:

o Kotter interpolation algorithm
¢ Welch—Berlekamp algorithm



Overview

Main Results

Parallel the work by Wang—McEliece—-Watanabe
Propose an interpolation algorithm for interpolation oivee
modules oflinearized polynomial rings

Special cases of interpolation algorithm:

e Loidreau’s algorithm
o Kotter—Kschischang algorithm
¢ Mahdavifar—Vardy algorithm

Interpolation algorithm also has reduced complexities
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Linearized Polynomial Ring

e A linearized polynomial [Ore33] overFgm
n . .
100 =>axdl, fi] =d.a €Fe
i=0

e g-degree: degy(I(x)) = gﬁgg{i}
e L[x] = {all linearized polynomials ovéfqn}: a ring
|1(X),|2(X) S L[X], a,B € qu
o ali(X) + Sla(x) € LX
o 11(%) @ LX) ©'11(12(x)) € L[K



Background

Subspace Codes

RLNC Noncoherent error control for RLNC

W: a vector space ovéf,

P(W): set of all subspaces ¥

Subspace distance: metric onP(W) [KK08]
ds(V, U) E'dim(V + U) — dim(V N U)
Subspace code: a subset of?(W)

o Kotter—Kschischang (KK) codes
e Mahdavifar—Vardy (MV) codes



Background

KK Codes

* ay,az,...,0 € Fyn, linearly independent

Messageu = (U, Uy, . . ., Uk-1) € Fn < u(x) = !‘;& ui Xl
Codeword:V = ((a1,u(a1)), (a2, u(a2)), ..., (a1, u(ay)))
e W= (as,az,...,a1) ®Fgn, dim(W) =1+m
TransmitV € P(W), dim(V) =1
dim(error)=t, dim(erasure} p
= ReceiveU € P(W), dimU) =l—-p+t=r
RecoverV uniquely fromU if p +t < | — k+ 1 [KKO8]
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Sudan Style List-1 Decoding Algorithm for KK Codes

e Find {(x1,y1), (%2,¥2),-- -, (X, ¥r)}, a basis folJ
e Interpolation: find nonzerdbivariate linearized polynomial
Q(X,y) = Qx(X) + Qy(y) s.t.
o Q(Xlayl) :05 i:1527"'7r
o Qu(x), Qy(x) € L[X
o degy(Qx(x) <7 —1,deg(Qyy) <7 -k
e Factorization: find ((x) from Q(x, t(x)) =0
e List size is one= bounded distance decoder



Background

Kotter—Kschischang Interpolation

Initialization: £”(x,y) =x, £0(xy) =y

Recursion' Py =1y, i=12...,rj=01

o ( y) interpolates through the firspoints,x-minimal
° f ( y) interpolates through the firspoints,y-minimal
o f(')(x y) updated based on discrepancies

output: £\ (x, y) or £\ (x,y), whichever of a smaller order
Decodability guaranteed if selecting= [(r + k)/2] [KK08]



Background

|-dimensional MV Codes

° a1,02,...,0 € Fyn, linearly independent

L: decoding list|£| < L
Messageu = (U, Us, ..., U1) € FK & u(x) = S5 uixll
Codeword:V = (v1,V2,...,V|)

e V= (041, U( ), U®2590Lé1), ceey U®L(a1))

® V= (ai,%ﬁ‘i),...,u—(ai)), i=2,3,...,|

Qi

e W= <Ozl,042,...,04|>@qu@"'@qu
————

L times

VePW), dimV)=I
dim(error)=t

= ReceivedU ¢ W, dim(U) =1+t
VecLift<IL—L(L+1)%2



Background

List Decoding of MV Codes

e Find (80,01, ---,05L) to be interpolated [MV10]
e j=12...,Np, Np<(t+1I)m
e |nterpolation: find nonzeramultivariate linearized polynomial
QYo, Y1, Yz: - ) = Lo Qilyi) sit.
* QB0 8-+, BL) =0
* Qi(yi) € Lyi], degy(Qi(ys)) <ml —i(k—1) -1
e Factorization: find 0(x) s.t. Q(x, 4(x), 0®2(x), ..., 0% (x)) =0



General Interpolation by Linearized Polynomials

Key Ideas

Free module/ of linearized polynomial ring
— also a vector space

Need a polynomial with a smaller “degree”
— total ordering orV

Treat constraints as linear function&lgss
— find the “smallest” in the intersection of the kernelk;

Solve it by Berlekamps iterative-discrepancy idea



. { Basis:B = {bg, by, ..

General Interpolation by Linearized Polynomials

FreeL[x]-module

L[x] overFqn: linearized polynomial ring

Multiplication: o
= Q= Z}‘:o j(X) o by =375 > is0 apdlob eV
V: a vector space ovéiign with basis
M = {X[I] Oiji Z OvJ = 0717"'7L} = {(bS}SZO
Total ordering orM: ¢s < ¢ if s< t
Q= ZiS:oaiébi, as # 0.

e orderQ) = S order of Q

e LM(Q) = ¢s, leading monomial

b} } = V: freeL[x]-module
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General Interpolation Problem

e Linear functionald;: V — Fqm, i=1,2,...,C
KernelskKj = Kj = Ky N Kz N --- N K;, L[x]-submodule

e orderQ) lowest inKj = Qis aminimumin K;
e General interpolation problem: find a minimu@i € K¢



General Interpolation by Linearized Polynomials

General Interpolation Algorithm

Algorithm 1 General Interpolation by Linearized Polynomials

forj=0toL do
Jo,j < bj
fori=0toC—1do
forj=0toL do
Gi+1j < Gij
Aitaj < Dita(8i)
I {j: Aiyrj # 0}
if 3£ 0 then
J* « argmin{g; ;}
jed
for je€J do
ifj £ j* then
Oi+1j < Aiprj=Gij — Aiy1jGij-
elseif j = j* then
Git1j « Air1 XM ogij) = Diya(X¥ 0 gij)gij
Q" - min gc;j
J




General Interpolation by Linearized Polynomials

Complexity Analysis

In Algorithm 1.

e C: number of iterations

e L + 1: size of the basis of the free module

e D: highestg-degree of linearized polynomials
Overall complexity of Algorithm 1:

« O(CDL?) finite field additions

o O(CDL?) finite field multiplications

e O(CL) linear functional calculations

e O(C) multiplications betweeh[x] andV



Decoding of KK Codes

Decoding of KK Codes

A general interpolation problem.

B={bo,b1} = {X, ,
o O{E?défll}(bj),{ jyz}O, L } = Q=727 ajxllob €V
e (1,k— 1)-weighted degree: dgg_1(x! o byy) &'i + j « (k — 1)
= Total ordering:xl o by < x"1 o by, if
o degx 1(x1 o by) < degx_1(x!" o by), or
o deg x 1(x1 o by) = deg x_1(x!" o by) andj < '
e Linear functionalsD;(Q) = Q(X;, i), evaluation ofQ(x, y) at
(X, Yi)
= Kernels:K;j, i=12...,r
e Kjis anL[x]-submodule



Decoding of KK Codes

Decoding KK Codes by Algorithm 1

Algorithm 1 finds aminimum nonzero solution
e Initialization: goo =X, Go1 =Y

e Recursion operations

« Multiplication: 1(x) o by %1 (1)

o Update:gi+1j: = Dit1(gij-) (XY 0 Gij) — Dipa(x¥ 0 gij)gi -
= Gi+1jr = O+ — (Diva(Gij+))%10ij- sinceDi a(gij-) # 0

Lemma
When L = 1, Algorithm 1 reduces to the Sudan-style list-1 decoding
algorithm in [KKO8]
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Complexity of Decoding KK Codes

L=1,C=r,D= |3
Multiplication o: cyclic shift under normal basis [GY08]

Linear functional:
e O(DL) finite field multiplications
e O(DL) finite field additions
Total complexity:
e O(r(r 4+ k)) finite field multiplications
e O(r(r 4+ k)) finite field additions



Decoding of MV Codes

Decoding of MV Codes

Also a general interpolation problem

. { B= {bo,bl,...,bL} = {yo,yl,...,yL}
¥ oby €'y, j=0,1,...,L
:>Q:Zi,jxm objeV
e Total ordering, linear functionaltc. : as KK codes
e Algorithm 1 gives aminimum nonzero solution
e goj=b, j=01,...,L

o 1M ob TNy, j=01,...,L
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Complexity of Decoding MV Codes

e By Gaussian eliminatior®(L?m?(t + 1)2(k — 1))
e By Algorithm 1: O(L?m?(t + I)I)

e C=(t+Im
e D=m-1

e Algorithm 1 has a lower complexity than Gaussian elimiratio
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